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Abstract²,Q WKLV SDSHU ZH GHYHORS D YDULDWLRQDO SULQFLSOH IURP
WKH YRQ 1HXPDQQ HQWURS\ IRU GLUHFWHG JUDSK HYROXWLRQ :H
PLQLPLVH WKH FKDQJH RI HQWURS\ RYHU WLPH WR LQYHVWLJDWH KRZ
GLUHFWHG QHWZRUNV HYROYH XQGHU WKH (XOHU/DJUDQJH HTXDWLRQ
:H FRPPHQFH IURP RXU UHFHQW ZRUN LQ ZKLFK ZH VKRZ KRZ WR
FRPSXWH WKH DSSUR[LPDWH YRQ 1HXPDQQ HQWURS\ IRU D GLUHFWHG
JUDSK EDVHG RQ VLPSOH LQ DQG RXW GHJUHH VWDWLVWLFV 7R IRUPXODWH
RXU YDULDWLRQDO SULQFLSOH ZH FRPPHQFH E\ FRPSXWLQJ WKH GLUHFWHG
JUDSK HQWURS\ GLIIHUHQFH EHWZHHQ GLIIHUHQW WLPH HSRFKV 7KLV
LV FRQWUROOHG E\ WKH UDWLRV RI WKH LQGHJUHH DQG RXWGHJUHHV DW
WKH WZR QRGHV IRUPLQJ D GLUHFWHG HGJH ,W DOVR UHYHDOV KRZ WKH
HQWURS\ FKDQJH LV UHODWHG WR FRUUHODWLRQV EHWZHHQ WKH FKDQJHV LQ
GHJUHH UDWLR DQG LQGHJUHH DQG WKHLU LQLWLDO YDOXHV :H FRQGXFW
V\QWKHWLF H[SHULPHQWV ZLWK WKUHH ZLGHO\ VWXGLHG FRPSOH[ QHWZRUN
PRGHOV QDPHO\ (UGÝRV5HQ\L UDQGRP JUDSKV :DWWV6WURJDW]
VPDOOZRUOG QHWZRUNV DQG %DUDEDVL$OEHUW VFDOHIUHH QHWZRUNV
WR VLPXODWH WKH LQGHJUHH DQG RXWGHJUHH GLVWULEXWLRQ 2XU PRGHO
HIIHFWLYHO\ FDSWXUHV WKH GLUHFWHG VWUXFWXUDO WUDQVLWLRQV LQ WKH
G\QDPLF QHWZRUN PRGHOV :H DOVR DSSO\ WKH PHWKRG WR WKH
UHDOZRUOG ¿QDQFLDO QHWZRUNV 7KHVH QHWZRUNV UHÀHFW VWRFN SULFH
FRUUHODWLRQV RQ WKH 1HZ <RUN 6WRFN ([FKDQJH1<6( DQG FDQ
EH XVHG WR FKDUDFWHULVH VWDEOH DQG XQVWDEOH WUDGLQJ SHULRGV 2XU
PRGHO QRW RQO\ HIIHFWLYHO\ FDSWXUHV KRZ WKH GLUHFWHG QHWZRUN
VWUXFWXUH HYROYHV ZLWK WLPH EXW DOVR DOORZV XV WR GHWHFW SHULRGV
RI DQRPDORXV QHWZRUN EHKDYLRXU
 ,QWURGXFWLRQ
0DQ\ UHDOZRUOG FRPSOH[ QHWZRUNV VXFK DV ¿QDQFLDO QHW
ZRUNV FRPPXQLFDWLRQ QHWZRUNV DQG VRFLDO QHWZRUNV FKDQJH
WKHLU VWUXFWXUH ZLWK WLPH 7KHUH LV DQ LQFUHDVLQJ QXPEHU RI
VWXGLHV WR GHYHORS PRGHOV DQDO\VLQJ WKH QHWZRUN HYROXWLRQ
>@ %URDGO\ VSHDNLQJ WKLV SUREOHP FDQ EH DGGUHVVHG IURP
WZR GLIIHUHQW SHUVSHFWLYHV 7KH ¿UVW GHYHORSV WKH PLFURVFRSLF
DSSURDFKHV WR WKH JOREDO FKDUDFWHUL]DWLRQ RI QHWZRUN VWUXF
WXUH ZKLOH WKH VHFRQG DSSOLHV WKH PLFURVFRSLF GHVFULSWLRQ WR
VLPXODWH WKH ORFDO VWUXFWXUH RI QHWZRUNV 6SHFL¿FDOO\ DW WKH
JOREDO OHYHO WKH IXQFWLRQ RI D QHWZRUN FDSWXUHV WKH VWUXFWXUDO
YDULDQFH GXULQJ WKH HYROXWLRQ ZKLFK FDQ EH XVHG WR GLVWLQJXLVK
GLIIHUHQW W\SHV RI QHWZRUNV )RU H[DPSOH WKHUPRG\QDPLF
DQDO\VLV RI QHWZRUN VWUXFWXUH GHVFULEHV QHWZRUN VWUXFWXUH LQ
WHUPV RI PDFURVFRSLF YDULDEOHV VXFK DV WHPSHUDWXUH 7KLV
DQDO\VLV DVVRFLDWHV WKH LQWHUQDO VWUXFWXUH WR WKH JOREDO SDWWHUQ
RI QHWZRUN HYROXWLRQ >@ 2Q WKH RWKHU KDQG DW WKH ORFDO OHYHO
QHWZRUNV JURZ DQG HYROYH ZLWK WKH DGGLWLRQ RI QHZ FRPSR
QHQWV DQG FRQQHFWLRQV RU WKH UHZLULQJ RI FRQQHFWLRQV IURP RQH
FRPSRQHQW WR DQRWKHU >@ >@ *HQHUDWLYH DQG DXWRUHJUHVVLYH
PRGHOV IRU H[DPSOH HVWLPDWH WKH GHWDLOHG HYROXWLRQ RI HGJH
FRQQHFWLYLW\ VWUXFWXUH ZLWK WLPH >@ >@
+RZHYHU ERWK WKH JOREDO DQG WKH ORFDO PHWKRGV UHTXLUH
XV WR ¿W WKH PRGHOV WR WKH DYDLODEOH JUDSK WLPH VHULHV GDWD
E\ HVWLPDWLQJ WKHLU SDUDPHWHUV 7KH XQGHUO\LQJ GHVFULSWLRQV
RI KRZ YHUWLFHV LQWHUDFW WR JLYH HGJH FRQQHFWLRQV DUH QRW
VLPSOH DQG GLI¿FXOW WR XVH HIIHFWLYHO\ WR VLPXODWH QHWZRUN
HYROXWLRQ 0RWLYDWHG E\ WKH QHHG WR ¿OO WKLV JDS LQ WKH OLWHUDWXUH
DQG WR DXJPHQW WKH PHWKRGV DYDLODEOH IRU XQGHUVWDQGLQJ WKH
HYROXWLRQ RI WLPHYDU\LQJ QHWZRUNV WKHUH KDYH EHHQ D QXPEHU
RI DWWHPSWV WR H[WHQG WKH VFRSH RI SUREDELOLVWLF JHQHUDWLYH
PRGHOV >@ >@ 7KHVH PRGHOV DUH DJDLQ KLJKO\ SDUDPHWHU
LQWHQVLYH
2XU UHFHQW ZRUN KDV DGGUHVVHG WKH SUREOHP XVLQJ D JHQHUD
WLYH PRGHO RI JUDSKVWUXFWXUH >@ ,W FDQ EH DSSOLHG WR WKH WLPH
VHULDO QHWZRUNV ZLWK DQ DXWRUHJUHVVLYH PRGHO >@ 7KH NH\ HOH
PHQW LV WKH DSSUR[LPDWH YRQ 1HXPDQQ HQWURS\ RQ JUDSKV 7KLV
HQWURS\ LV WKH H[WHQVLRQ RI WKH 6KDQQRQ HQWURS\ GH¿QHG RYHU
WKH UHVFDOHG HLJHQYDOXHV RI WKH QRUPDOLVHG /DSODFLDQ PDWUL[
$ TXDGUDWLF DSSUR[LPDWLRQ RI WKH YRQ 1HXPDQQ HQWURS\ JLYHV
D VLPSOH H[SUHVVLRQ IRU WKH HQWURS\ DVVRFLDWHG ZLWK WKH GHJUHH
FRPELQDWLRQV RI QRGHV IRUPLQJ HGJHV >@ >@ 0RUHRYHU WKH
¿WWLQJ RI WKH JHQHUDWLYH PRGHO WR G\QDPLF QHWZRUN VWUXFWXUH
LQYROYHV D GHVFULSWLRQ OHQJWK FULWHULRQ ZKLFK GHVFULEHV ERWK
WKH OLNHOLKRRG RI WKH JRRGQHVV RI ¿W WR WKH DYDLODEOH QHWZRUN
GDWD WRJHWKHU ZLWK WKH DSSUR[LPDWH YRQ 1HXPDQQ HQWURS\ RI
WKH ¿WWHG QHWZRUN 7KLV ODWWHU WHUP UHJXODWHV WKH FRPSOH[LW\
RI WKH ¿WWHG VWUXFWXUH >@ >@ DQG PLWLJDWHV DJDLQVW RYHU¿WWLQJ
RI WKH LUUHOHYDQW RU XQOLNHO\ VWUXFWXUH 7KH FKDQJH LQ HQWURS\
RI WKH WZR YHUWLFHV IRUPLQJ DQ HGJH EHWZHHQ GLIIHUHQW HSRFKV
GHSHQGV RQ WKH SURGXFW RI WKH GHJUHH RI RQH YHUWH[ DQG WKH
GHJUHH FKDQJH RI WKH VHFRQG YHUWH[ ,Q RWKHU ZRUGV WKH FKDQJH
LQ HQWURS\ GHSHQGV RQ WKH VWUXFWXUH RI WKH GHJUHH FKDQJH
FRUUHODWLRQV
7KH DLP RI WKLV SDSHU LV WR H[SORUH ZKHWKHU RXU PRGHO
RI QHWZRUN HQWURS\ FDQ EH H[WHQGHG WR PRGHO WKH ZD\ LQ
ZKLFK WKH QRGH GHJUHH GLVWULEXWLRQ HYROYHV ZLWK WLPH WDNLQJ
LQWR DFFRXQW WKH HIIHFW RI GHJUHH FRUUHODWLRQV FDXVHG E\ WKH
GHJUHH VWUXFWXUH RI GLUHFWHG HGJHV :H IRFXV RQ WKH GLUHFWHG
JUDSKV DQG FRQVLGHU WKH FDVHV ZKHUH WKHUH LV D D PL[WXUH
RI XQLGLUHFWLRQDO DQG ELGLUHFWLRQDO HGJHV E ZKHUH WKH XQL
GLUHFWLRQDO HGJHV GRPLQDWH VWURQJO\ GLUHFWHG JUDSKV DQG F
ZKHUH WKH ELGLUHFWLRQDO HGJHV RXWQXPEHU WKH XQLGLUHFWLRQDO
HGJHV ZHDNO\ GLUHFWHG JUDSKV :H H[SORLW WKLV SURSHUW\ E\
PRGHOOLQJ WKH HYROXWLRQ RI QHWZRUN VWUXFWXUH XVLQJ WKH (XOHU
/DJUDQJH HTXDWLRQV 2XU YDULDWLRQDO SULQFLSOH LV WR PLQLPLVH
WKH FKDQJHV LQ HQWURS\ GXULQJ WKH HYROXWLRQ 8VLQJ RXU DS
SUR[LPDWLRQ RI WKH YRQ 1HXPDQQ HQWURS\ WKLV OHDGV WR XSGDWH
HTXDWLRQV IRU WKH QRGH GHJUHH ZKLFK LQFOXGH WKH HIIHFWV RI WKH
QRGH GHJUHH FRUUHODWLRQV LQGXFHG E\ WKH HGJHV RI WKH QHWZRUN
+HUH ZH PDLQO\ IRFXV RQ WKH VWURQJO\ GLUHFWHG JUDSKV ZKHUH
HGJHV DUH SXUHO\ XQLGLUHFWLRQDO DQG WKHUH DUH QR ELGLUHFWLRQDO
HGJHV 2XU PRGHO GLVWLQJXLVKHV EHWZHHQ WKH LQGHJUHH DQG RXW
GHJUHHV RI YHUWLFHV DQG LW LV HIIHFWLYHO\ D W\SH RI GLIIXVLRQ
SURFHVV WKDW PRGHOV KRZ WKH GHJUHH GLVWULEXWLRQ SURSDJDWHV
DFURVV WKH QHWZRUN ,Q IDFW LW KDV HOHPHQWV VLPLODU WR SUHI
HUHQWLDO DWWDFKPHQW >@ VLQFH LW IDYRXUV HGJHV WKDW FRQQHFW
KLJK GHJUHH QRGHV >@ >@
7KH UHPDLQGHU RI WKH SDSHU LV RUJDQL]HG DV IROORZV ,Q
6HF ,, ZH SURYLGH D GHWDLOHG SUHOLPLQDU\ DQDO\VLV RI QHWZRUN
HQWURS\ ,Q 6HF ,,, :H WKHRUHWLFDOO\ DQDO\VH GLUHFWHG QHWZRUNV
ZLWK G\QDPLF HQWURS\ FKDQJHV DQG GHYHORS PRGHOV IRU GHJUHH
VWDWLVWLFV E\ PLQLPLVLQJ WKH YRQ 1HXPDQQ HQWURS\ FKDQJH
XVLQJ WKH (XOHU/DJUDQJH HTXDWLRQV ,Q 6HF ,9 ZH FRQGXFW
QXPHULFDO H[SHULPHQWV RQ WKH V\QWKHWLF DQG UHDOZRUOG WLPH
YDU\LQJ QHWZRUNV DQG DSSO\ WKH UHVXOWLQJ FKDUDFWHUL]DWLRQ RI
QHWZRUN HYROXWLRQ )LQDOO\ ZH FRQFOXGH WKH SDSHU DQG PDNH
VXJJHVWLRQV IRU IXWXUH ZRUN
 1HWZRUN (QWURS\
&RQVLGHU D GLUHFWHG JUDSK ZLWK QRGHVHW V DQG GLUHFWHG
HGJHVHW E ,Q D UHFHQW SDSHU ZH KDYH VKRZQ KRZ WR FRPSXWH
DQ DSSUR[LPWLRQ WR WKH YRQ 1HXPDQQ HQWURS\ IRU VXFK D JUDSK
XVLQJ MXVW WKH LQGHJUHHV DQG RXWGHJUHH RI LWV QRGHV >@
7R GR WKLV ZH GLVWLQJXLVK EHWZHHQ WZR VXEVHWV RI HGJHV E1DQG E2 ZKHUH E1 = {(u, v)|(u, v) ∈ E DQG (v, u) /∈ E}LV WKH VHW RI XQLGLUHFWLRQDO HGJHV E2 = {(u, v)|(u, v) ∈
E DQG (v, u) ∈ E} LV WKH VHW RI ELGLUHFWLRQDO HGJHV 7KH WZR
HGJHVHWV VDWLVI\ WKH FRQGLWLRQV E1 ∪ E2 = E,E1 ∩ E2 = ∅:LWK WKLV GLVWLQFWLRQ EHWZHHQ XQLGLUHFWLRQDO DQG ELGLUHFWLRQDO
HGJHV WKH DSSUR[LPDWLRQ IRU WKH YRQ 1HXPDQQ HQWURS\ RI WKH
GLUHFWHG JUDSK LV
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ZKHUH dinu LV WKH LQGHJUHH RU QXPEHU RI GLUHFWHG HGJHV LQFRPLQJ HGJHV DW QRGH u DQG doutu LV WKH FRUUHVSRQGLQJ RXWGHJUHHRU QXPEHU RI QRGHV H[LWLQJ WKH QRGH
7R VLPSOLI\ WKH H[SUHVVLRQ DFFRUGLQJ WR WKH UHODWLYH LPSRU
WDQFH RI WKH VHWV RI XQLGLUHFWLRQDO DQG ELGLUHFWLRQDO HGJHV E1DQG E2 WKH YRQ 1HXPDQQ HQWURS\ FDQ EH IXUWKHU DSSUR[LPDWHGWR GLVWLQJXLVK EHWZHHQ ZHDNO\ DQG VWURQJO\ GLUHFWHG JUDSKV
)RU ZHDNO\ GLUHFWHG JUDSKV LH |E1| ≪ |E2| PRVW RI WKHHGJHV DUH ELGLUHFWLRQDO DQG ZH FDQ LJQRUH WKH VXPPDWLRQ RYHU
E1 LQ (T UHZULWLQJ WKH UHPDLQLQJ WHUPV LQ FXUO\ EUDFNHWVDV
Swd = 1−
1
|V |
−
1
2|V |2
⎧⎨
⎩
∑
(u,v)∈E
din
u
dout
u
+
din
v
dout
v
doutu d
in
v
⎫⎬
⎭ 
)RU WKH VWURQJO\ GLUHFWHG JUDSK WKH XQLGLUHFWLRQDO HGJHV
GRPLQDWH LH |E1| ≫ |E2| WKHUH DUH IHZ ELGLUHFWLRQDO HGJHV
DQG ZH FDQ LJQRUH WKH VXPPDWLRQ RYHU E2 LQ (T JLYLQJWKH DSSUR[LPDWH HQWURS\ DV
Ssd = 1−
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−
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u
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7KXV ERWK WKH VWURQJO\ DQG ZHDNO\ GLUHFWHG JUDSK HQ
WURSLHV GHSHQG RQ WKH JUDSK VL]H DQG WKH LQGHJUHH DQG RXW
GHJUHH VWDWLVWLFV RI HGJH FRQQHFWLRQV >@
 9DULDWLRQDO 3ULQFLSOH RQ *UDSKV
 (XOHU/DJUDQJH (TXDWLRQ
:H ZRXOG OLNH WR XQGHUVWDQG WKH G\QDPLFV RI D GLUHFWHG
QHWZRUN ZKLFK HYROYHV VR DV WR PLQLPLVH WKH HQWURS\ FKDQJH
EHWZHHQ GLIIHUHQW VHTXHQWLDO HSRFKV 7R GR WKLV ZH FDVW WKH
HYROXWLRQ SURFHVV LQWR D YDULDWLRQDO VHWWLQJ RI WKH (XOHU
/DJUDQJH HTXDWLRQ DQG FRQVLGHU WKH V\VWHP ZKLFK RSWLPLVHV
WKH IXQFWLRQDO
E(q) =
∫ t2
t1
G [t, q(t), q˙(t)] dt 
ZKHUH t LV WLPH q(t) LV WKH YDULDEOH RI WKH V\VWHP DV D IXQFWLRQ
RI WLPH DQG q˙(t) LV WKH WLPH GHULYDWLYH RI q(t) 7KHQ WKH (XOHU
/DJUDQJH HTXDWLRQ LV JLYHQ E\
∂G
∂q
[t, q(t), q˙(t)]−
d
dt
∂G
∂q˙
[t, q(t), q˙(t)] = 0 
+HUH ZH FRQVLGHU DQ HYROXWLRQ ZKLFK FKDQJHV MXVW WKH HGJH
FRQQHFWLYLW\ VWUXFWXUH RI WKH YHUWLFHV DQG GRHV QRW FKDQJH WKH
QXPEHU RI YHUWLFHV LQ WKH JUDSK $V D UHVXOW WKH IDFWRUV 1− 1|V |DQG 1|V |2 DUH FRQVWDQWV DQG GR QRW DIIHFW WKH VROXWLRQ RI WKH(XOHU/DJUDQJH HTXDWLRQ
&RQVLGHU WZR QRGHV u DQG v IRUPLQJ D GLUHFWHG HGJH 7KH
UDWLR RI LQGHJUHH WR RXWGHJUHH DW QRGH u LV ru = dinudout
u
DQG
rv =
din
v
dout
v
DW QRGH v :H XVH WKHVH QRGH GHJUHH UDWLRV WR UH
ZULWH WKH VWURQJO\ DQG ZHDNO\ GLUHFWHG JUDSK HQWURSLHV
 :HDNO\ 'LUHFWHG *UDSKV
8VLQJ WKH QRGH GHJUHH UDWLRV WKH ZHDNO\ GLUHFWHG JUDSK
HQWURS\ EHFRPHV
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$V D UHVXOW IRU WZR ZHDNO\ GLUHFWHG JUDSKV Gtwd =
(Vt, Et) DQG Gt+1wd = (Vt+1, Et+1) UHSUHVHQWLQJ WKH VWUXFWXUHRI D WLPHYDU\LQJ FRPSOH[ QHWZRUN DW WZR FRQVHFXWLYH HSRFKV
t DQG t+ 1 UHVSHFWLYHO\ WKH FKDQJH RI YRQ 1HXPDQQ HQWURS\
LV JLYHQ E\
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wd )− S(G
t
wd) 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ZKHUH ∆inu LV WKH FKDQJH RI LQGHJUHH IRU QRGH u LH ∆inu =
dinu (t+1)− d
in
u (t) ∆inv LV VLPLODUO\ GH¿QHG DV WKH FKDQJH RILQGHJUHH IRU QRGH v LH ∆inv = dinv (t+1)−dinv (t) DQG ∆ruDQG ∆rv DUH WKH FKDQJH RI LQ WR RXW GHJUHH UDWLR IRU WKH QRGH
u DQG QRGH v UHVSHFWLYHO\
7KH (XOHU/DJUDQJH HTXDWLRQ IRU ru JLYHV
∂∆Swd
∂∆ru
−
d
dt
∂∆Swd
∂∆ru
= −
2(2ru + rv)(d
in
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in
v + d
in
v ∆
in
u )
(dinu d
in
v )
2
= 0

DQG VLPLODUO\ IRU rv JLYHV
∂∆Swd
∂∆rv
−
d
dt
∂∆Swd
∂∆rv
= −
2ru(d
in
u ∆
in
v + d
in
v ∆
in
u )
(dinu d
in
v )
2
= 0 
&RPELQLQJ WKH (T DQG (T WKH UHODWLRQVKLS EHWZHHQ dinuDQG dinv LV
∆inu
dinu
= −
∆inv
dinv

7KXV IRU WKH ZHDNO\ GLUHFWHG JUDSK WKHUH H[LVWV D OLQHDU
FRUUHODWLRQ EHWZHHQ ∆inu /dinu DQG ∆inv /dinv 
 6WURQJO\ 'LUHFWHG *UDSKV
)RU D VWURQJO\ GLUHFWHG JUDSK RQ WKH RWKHU KDQG ZKHQ UH
H[SUHVVHG LQ WHUPV RI WKH QRGH GHJUHH UDWLRV WKH YRQ 1HXPDQQ
HQWURS\ LQ (T EHFRPHV
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)RU WZR VWURQJO\ GLUHFWHG JUDSKV Gtsd = (Vt, Et) DQG
Gt+1sd = (Vt+1, Et+1) WKH FKDQJH RI YRQ 1HXPDQQ HQWURS\LV
∆Ssd = S(G
t+1
sd )− S(G
t
sd) 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ZKHUH ∆inu LV WKH FKDQJH RI LQGHJUHH IRU QRGH u ∆inv LVVLPLODUO\ GH¿QHG DV WKH FKDQJH RI LQGHJUHH IRU QRGH v
7KH VWUXFWXUH RI WKH DERYH H[SUHVVLRQ GHVHUYHV IXUWKHU
FRPPHQW 7KH FKDQJH LQ HQWURS\ JDXJHV WKH FRUUHODWLRQV EH
WZHHQ WKH LQGHJUHH DQG QRGH GHJUHH FKDQJHV DQG LQGHJUHHV
DQG LQRXW GHJUHH UDWLRV RI WKH QRGHV GH¿QLQJ WKH GLUHFWHG
HGJHV
1RZ ZH DJDLQ DSSO\ WKH (XOHU/DJUDQJH HTXDWLRQ WR WKH
FKDQJHV RI HQWURS\ IRU VWURQJO\ GLUHFWHG JUDSK 7KH SDUWLDO
GHULYDWLYH RI WKH UDWLR ru LV
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$QG WKH SDUWLDO WLPH GHULYDWLYH WR WKH ¿UVW RUGHU UDWLR GLIIHUHQFH
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7KHQ WKH VROXWLRQ RI WKH (XOHU/DJUDQJH HTXDWLRQ IRU ru FDQEH FRPSXWHG DV
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6LPLODUO\ DSSO\LQJ WKH (XOHU/DJUDQJH HTXDWLRQ RQ WKH LQ
GHJUHH dinu  ZH JHW
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ZKLFK LV WKH RXWGHJUHH JURZV DW KDOI WKH UDWH RI WKH LQ
GHJUHH ,Q WKH QH[W VHFWLRQ ZH H[SORUH HPSLULFDOO\ KRZ ZHOO
WKLV UHODWLRQVKLS LV REVHUYHG
 ([SHULPHQWV
+HUH ZH XVH ERWK V\QWKHWLF DQG UHDOZRUOG QHWZRUN
GDWDVHWV 7KH V\QWKHWLFDOO\ JHQHUDWHG GDWD FRQVLVWV RI DUWL¿FLDO
QHWZRUNV JHQHUDWHG DFFRUGLQJ WR D WKH (UGÝRV5HQ\L UDQGRP
JUDSK PRGHO E WKH VPDOO ZRUOG QHWZRUN PRGHO DQG F WKH
VFDOHIUHH QHWZRUN PRGHO 7KHVH UHSUHVHQW WKH WKUHH PRVW
ZLGHO\ XVHG PRGHOV RI QHWZRUN VWUXFWXUH ,Q DGGLWLRQ ZH XVH
QHWZRUNV UHSUHVHQWLQJ GDLO\ WUDGLQJ SDWWHUQV RQ WKH 1HZ <RUN
6WRFN ([FKDQJH
 'DWD 6HWV
Synthetic Networks: :H JHQHUDWH JUDSKV DFFRUGLQJ WR
WKH WKUHH FRPSOH[ QHWZRUN PRGHOV QDPHO\ D (UGÝRV5HQ\L
UDQGRP JUDSK PRGHO E :DWWV6WURJDW] VPDOOZRUOG PRGHO
>@ DQG F %DUDEDVL$OEHUW VFDOHIUHH PRGHO >@ 7KHVH
DUH JUDSKV DUH FUHDWHG ZLWK D ¿[HG QXPEHU RI YHUWLFHV ZLWK
WLPHYDU\LQJ QHWZRUN SDUDPHWHUV )RU WKH (UGÝRV5HQ\L UDQGRP
JUDSK WKH FRQQHFWLRQ SUREDELOLW\ PRQRWRQLFDOO\ LQFUHDVHV DW
WKH XQLIRUP UDWH RI  SHU XQLW WLPH 6LPLODUO\ WKH OLQN
UHZLULQJ SUREDELOLW\ LQ WKH VPDOOZRUOG PRGHO >@ LQFUHDVHV
XQLIRUPO\ EHWZHHQ  WR  DV WKH QHWZRUN HYROYHV )RU WKH
VFDOHIUHH PRGHO >@ RQH YHUWH[ LV DGGHG WR WKH FRQQHFWLRQ
DW HDFK WLPH VWHS
Real-world Networks: :H WHVW RXU PHWKRG RQ GDWD SUR
YLGHG E\ WKH 1HZ <RUN 6WRFN ([FKDQJH 7KLV GDWDVHW FRQVLVWV
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(a) Random Graph (b) Small-world Network (c) Scale-free Network
)LJXUH  ,QGHJUHH DQG RXWGHJUHH GLVWULEXWLRQ RI RULJLQDO QHWZRUNV DQG VLPXODWHG QHWZRUNV IRU WKUHH QHWZRUN PRGHOV 7KH UHG OLQH LV IRU WKH RULJLQDOO\ REVHUYHG
QHWZRUNV DQG WKH EODFN OLQH LV IRU WKH UHVXOWV VLPXODWHG IURP WKH (XOHU/DJUDQJH DQDO\VLV (UGÝRV5HQ\L UDQGRP JUDSKV :DWWV6WURJDW] VPDOOZRUOG QHWZRUNV
%DUDEDVL$OEHUW VFDOHIUHH QHWZRUNV
RI WKH GDLO\ SULFHV RI  VWRFNV WUDGHG FRQWLQXRXVO\ RQ
WKH 1HZ <RUN 6WRFN ([FKDQJH RYHU  WUDGLQJ GD\V 7KH
VWRFN SULFHV ZHUH REWDLQHG IURP WKH <DKRR ¿QDQFLDO GDWDEDVH
>@ $ WRWDO RI  VWRFN ZHUH VHOHFWHG IURP WKLV VHW IRU
ZKLFK KLVWRULFDO VWRFN SULFHV IURP -DQXDU\  WR )HEUXDU\
 DUH DYDLODEOH ,Q RXU QHWZRUN UHSUHVHQWDWLRQ WKH QRGHV
FRUUHVSRQG WR VWRFN DQG WKH HGJHV LQGLFDWH WKDW WKHUH LV D
VWDWLVWLFDO VLPLODULW\ EHWZHHQ WKH WLPH VHULHV DVVRFLDWHG ZLWK
WKH VWRFN FORVLQJ SULFHV >@
 6LPXODWLRQ 5HVXOWV
:H ¿UVW FRQGXFW H[SHULPHQWV RQ WKH V\QWKHWLF QHWZRUNV
:H JHQHUDWH WKUHH NLQGV RI WLPHHYROYLQJ QHWZRUN PRGHOV
IURP (UGÝRV5HQ\L UDQGRP JUDSKV :DWWV6WURJDW] VPDOOZRUOG
QHWZRUNV DQG %DUDEDVL$OEHUW VFDOHIUHH QHWZRUNV WR FRPSDUH
ZLWK RXU WKHRUHWLFDO DQDO\VLV
:H DLP WR GHWHUPLQH ZKHWKHU WKH QHWZRUNV HYROYH LQ
D PDQQHU WKDW LV FRQVLVWHQW ZLWK WKH SULQFLSOH RI PLQLPXP
HQWURS\ FKDQJH XQGHU WKH (XOHU/DJUDQJH HTXDWLRQ :H WKXV
WXUQ RXU DWWHQWLRQ WR KRZ WKH VWUXFWXUH RI WKH V\QWKHWLF QHWZRUN
GDWD FKDQJHV ZLWK WLPH )RU WKH HYROXWLRQ RI WKH WKUHH FRPSOH[
QHWZRUN PRGHOV ZH ¿[ WKH QXPEHU RI YHUWLFHV WR  7KH
UDQGRP JUDSKV HYROYH IURP DQ LQLWLDOO\ VSDUVH VHW RI HGJHV
ZLWK D ORZ YDOXH RI WKH FRQQHFWLRQ SUREDELOLW\ WR RQH ZLWK D
KLJK GHQVLW\ RI FRQQHFWLRQV ZLWK JLDQW FRQQHFWHG FRPSRQHQWV
7KLV WUDQVLWLRQ FDQ EH REVHUYHG DV ZH LQFUHDVH WKH SUREDELOLW\
RI FRQQHFWLRQ $ VLPLODU SURFHVV RFFXUV LQ WKH :DWWV6WURJDW]
VPDOOZRUOG PRGHO $V WKH UHZLULQJ SUREDELOLW\ HYROYHV ZLWK
WLPH WKH QHWZRUN VWUXFWXUH FKDQJHV IURP D UHJXODU ULQJ ODWWLFH
WR D VPDOOZRUOG VWUXFWXUH ZLWK KLJK UHZLULQJ SUREDELOLW\
DQG ¿QDOO\ EHFRPHV DQ (UGÝRV5HQ\L UDQGRP JUDSK ZLWK XQLW
UHZLULQJ SUREDELOLW\ )RU WKH VFDOHIUHH QHWZRUN WKH HYROXWLRQ
WDNHV SODFH YLD SUHIHUHQWLDO DWWDFKPHQW 7KH QRGHV ZLWK WKH
KLJKHVW GHJUHH KDYH WKH ODUJHVW SUREDELOLW\ WR UHFHLYH QHZ
OLQNV 7KLV SURFHVV SURGXFHV VHYHUDO KLJK GHJUHH QRGHV RU KXEV
LQ WKH QHWZRUN VWUXFWXUH
)LJ FRPSDUHV WKH LQGHJUHH DQG RXWGHJUHH GLVWULEXWLRQ
IURP WKH RULJLQDO WLPH VHULHV WR WKH VLPXODWLRQ UHVXOWV IURP
WKH (XOHU/DJUDQJH HTXDWLRQ 2XU PRGHO XVHV WKH UHODWLRQVKLS
LQ (T WR VLPXODWH WKH QHWZRUN VWUXFWXUH DW GLIIHUHQW WLPH
VWHSV LQ WKH HYROXWLRQ RI WKH GHJUHH GLVWULEXWLRQ 7KH LQGHJUHH
DQG RXWGHJUHH GLVWULEXWLRQV UHVXOWLQJ IURP (XOHU/DJUDQJH
G\QDPLFV DW WKH ¿QDO WLPH VWHS ¿W TXLWH ZHOO WR WKRVH SUHGLFWHG
IURP WKH RULJLQDOO\ REVHUYHG GLVWULEXWLRQV 7KLV SURYLGHV HP
SLULFDO HYLGHQFH WKDW WKH (XOHU/DJUDQJH HTXDWLRQ DFFXUDWHO\
SUHGLFWV WKH VKRUWWHUP WLPH HYROXWLRQ RI WKH GLIIHUHQW QHWZRUN
PRGHOV
 'LUHFWHG )LQDQFLDO 1HWZRUNV
1RZ ZH WXUQ RXU DWWHQWLRQ WR WKH GLUHFWHG JUDSK UHSUH
VHQWDWLRQ RI WKH 1HZ <RUN 6WRFN ([FKDQJH GDWD 7R H[WUDFW
GLUHFWHG JUDSKV IURP WKH VWRFN WLPHV VHULHV GDWD ZH FRPSXWH
WKH FRUUHODWLRQ RI WKH FORVLQJ SULFH WLPH VHULHV ZLWK D WLPH ODJ
:H PHDVXUH WKH FRUUHODWLRQ RYHU GD\ ZLQGRZV VHSDUDWHG
E\ D WLPH DQG WKHQ VHOHFW WKH ODJ WKDW UHVXOWV LQ WKH PD[LPXP
FRUUHODWLRQ 7KH VLJQ RI WKH ODJ GHWHUPLQHV WKH GLUHFWLRQDOLW\
RI WKH HGJH :H GHWHUPLQH WKH GLUHFWLRQDOLW\ RI WKH HGJHV XVLQJ
WKH VLJQ RI WKH ODJ $OO WKH UHVXOWLQJ HGJHV DUH XQLGLUHFWLRQDO
:H WKHUHIRUH H[SORUH KRZ WKH WLPH HYROXWLRQ IROORZV RXU
PRGHO IRU VWURQJO\ GLUHFWHG JUDSKV
)LUVW ZH LQYHVWLJDWH KRZ WKH GLVWULEXWLRQ RI ru HYROYHVZLWK WLPH )LJ VKRZV WKH GLVWULEXWLRQ DW WKUHH GLIIHUHQW WLPH
)LJXUH  7KH FXPXODWLYH GLVWULEXWLRQ RI SDUDPHWHU ru LQ WKH GLUHFWHG ¿QDQFLDOQHWZRUNV EHIRUHGXULQJDIWHU WKH %ODFN 0RQGD\ 7KH GLVWULEXWLRQ VKULQNV
GXULQJ WKH %ODFN 0RQGD\ FULVLV
HSRFKV LH EHIRUH GXULQJ DQG DIWHU %ODFN 0RQGD\ +HUH
WKH SDUDPHWHU ru UHYHDOV WKH UHODWLRQVKLS EHWZHHQ LQGHJUHHDQG RXWGHJUHH IRU HDFK YHUWH[ $V VKRZQ LQ )LJ GXULQJ WKH
%ODFN 0RQGD\ WKH FXPXODWLYH GLVWULEXWLRQ EHFRPHV FRQFHQ
WUDWHG RYHU D VPDOO UDQJH RI YDOXHV DURXQG XQLW\ 7KLV UHÀHFWV
WKH IDFW WKDW D VXEVWDQWLDO IUDFWLRQ RI YHUWLFHV EHFRPH LVRODWHG
GXULQJ WKH %ODFN 0RQGD\ ZLWKRXW RXWHGJHV 7KH UHPDLQLQJ
FRQQHFWLRQV H[LVW ZLWK D EDODQFH EHWZHHQ LQGHJUHH DQG RXW
GHJUHH $IWHU %ODFN 0RQGD\ WKH QHWZRUN VWUXFWXUH EHJLQV WR
UHFRYHU DV WKH FXPXODWLYH GLVWULEXWLRQ ZLGHQV WR UHWXUQ WR LWV
SUHYLRXV VKDSH
)URP WKH DQDO\VLV OHDGLQJ WR (T WKHUH LV D OLQHDU
UHODWLRQVKLS EHWZHHQ WKH TXDQWLWLHV ru∆ru DQG d
in
u
∆in
u
 ,Q RUGHU
WR WHVW ZKHWKHU WKLV UHODWLRQVKLS KROGV LQ SUDFWLFH )LJ VKRZV
VFDWWHU SORWV RI ru∆ru YHUVXV d
in
u
∆in
u
IRU HSRFKV EHIRUH GXULQJ
DQG DIWHU WKH %ODFN 0RQGD\ FULVLV 7KLV SURYLGHV HYLGHQFH
WKDW WKHUH H[LVWV D OLQHDU UHODWLRQVKLS EHWZHHQ WKH IUDFWLRQDO
LQGHJUHH FKDQJH DQG WKH GHJUHH UDWLR FKDQJH %\ ¿WWLQJ D
OLQHDU UHJUHVVLRQ PRGHO WR WKH VHTXHQFH RI VFDWWHU SORWV IRU
WKH WLPH VHULHV ZH H[SORUH KRZ WKH VORSH SDUDPHWHUV RI WKH
UHJUHVVLRQ OLQH DQG WKH UHJUHVVLRQ HUURU HYROYH ZLWK WLPH )LJ
VKRZV WKH OLQHDU UHJUHVVLRQ HUURUV DV ZHOO DV WKH ¿WWHG VORSH
GXULQJ WKH SHULRG DURXQG %ODFN 0RQGD\ +HUH ZH SURYLGH
WKH UHJUHVVLRQ HUURU IRU D WKH ÀH[LEOH ¿WWLQJ RI WKH VORSH
DQG E WKH UHJUHVVLRQ IRU D ¿[HG YDOXH RI WKH VORSH ,Q WKH
WLPH LQWHUYDO DURXQG %ODFN 0RQGD\ ERWK WKH OLQHDU UHJUHVVLRQ
SDUDPHWHU DQG LWV HUURU FKDQJHV DEUXSWO\ 7KLV LV EHFDXVH WKHUH
DUH VXEVWDQWLDO VWUXFWXUDO GLIIHUHQFHV LQ WKH QHWZRUN HYROXWLRQ
'XULQJ WKH %ODFN 0RQGD\ PDQ\ QRGHV EHFRPH GLVFRQQHFWHG
DQG WKH FRQQHFWHG FRPSRQHQWV RI YHUWLFHV EHFRPH VPDOO DQG
IUDJPHQWHG 2QO\ D VPDOO QXPEHU RI FRPPXQLW\ VWUXFWXUHV
UHPDLQ KLJKO\ LQWHUFRQQHFWHG 'XULQJ %ODFN 0RQGD\ LWVHOI
DOWKRXJK WKH VORSH RI WKH UHJUHVVLRQ OLQH LV ]HUR WKH VFDWWHU
DERXW WKH OLQH LV UHODWLYHO\ VPDOO
)XUWKHUPRUH WKH OLQHDU UHJUHVVLRQ HUURU VHTXHQFH IRU WKH
HQWLUH GLUHFWHG ¿QDQFLDO QHWZRUN WLPH VHULHV LV VKRZQ LQ )LJ
7KH SHDNV LQ WKH UHJUHVVLRQ HUURU FRUUHVSRQG FORVHO\ WR WKH
RFFXUUHQFH RI GLIIHUHQW ¿QDQFLDO FULVHV 7KLV UHJUHVVLRQ DQDO
\VLV RI WKH GLUHFWHG JUDSK GDWD WKXV SURYLGHV DQ HIIHFWLYH DQG
HI¿FLHQW PHDQV RI GHWHFWLQJ DEQRUPDO VWUXFWXUH RU EHKDYLRXU
LQ G\QDPLF QHWZRUNV 7KH PRVW VWULNLQJ REVHUYDWLRQ LV WKDW
WKH ODUJHVW SHDNV RI UHJUHVVLRQ HUURU FDQ EH XVHG WR LGHQWLI\
¿QDQFLDO FULVHV 7KLV VKRZV WKDW WKH WKHRUHWLFDO DQDO\VLV EDVHG
RQ PLQLPLVLQJ WKH FKDQJH RI GLUHFWHG HQWURS\ LV VHQVLWLYH WR
-XQ -XO $XJ 6HS 2FW 1RY 'HF -DQ )HE 0DU $SU
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)LJXUH  7KH OLQHDU UHJUHVVLRQ HUURU DQG VWDQGDUG GHYLDWLRQ GXULQJ %ODFN
0RQGD\ -XQH   $SULO  7KH EOXH GLDPRQG FXUYH LV WKH HUURU EDU
ZLWK WKH ÀH[LEOH VORSH RI WKH UHJUHVVLRQ 5HG FLUFOH OLQH LV WKH HUURUEDU ZLWK
WKH ¿[HG VORSH LQ WKH UHJUHVVLRQ %ODFN VWDU FXUYH LV WKH YDOXH RI WKH VORSH
VLJQL¿FDQW VWUXFWXUDO FKDQJHV LQ QHWZRUNV )LQDQFLDO FULVHV DUH
FKDUDFWHUL]HG E\ VLJQL¿FDQW HQWURS\ FKDQJHV ZKHUHDV RXWVLGH
WKHVH FULWLFDO SHULRGV LW UHPDLQV UHODWLYHO\ VWDEOH
 &RQFOXVLRQ
:H XVH D YDULDWLRQDO SULQFLSOH EDVHG RQ PLQLPXP HQWURS\
FKDQJH WR GHYHORS D PRGHO RI QHWZRUN HYROXWLRQ ZLWK WLPH
6SHFL¿FDOO\ ZH XVH WKH (XOHU/DJUDQJH HTXDWLRQV WR PLQLPLVH
WKH FKDQJH RI YRQ 1HXPDQQ HQWURS\ ZLWK WLPH IRU GLUHFWHG
JUDSKV 7KLV WUHDWPHQW OHDGV WR D PRGHO RI KRZ WKH QRGH GHJUHH
YDULHV ZLWK WLPH DQG FDSWXUHV WKH HIIHFWV RI GHJUHH FKDQJH
FRUUHODWLRQV LQWURGXFHG E\ WKH HGJHVWUXFWXUH RI WKH QHWZRUN
:H FRQGXFW H[SHULPHQWV RQ QHWZRUN WLPHVHULHV UHSUHVHQWLQJ
VWRFN WUDGHV RQ WKH 1<6( 2XU PRGHO LV FDSDEOH RI SUHGLFWLQJ
KRZ WKH GHJUHH GLVWULEXWLRQ HYROYHV ZLWK WLPH SURYLGHG WKH
WUDGLQJ LV QRW GLVUXSWHG E\ ¿QDQFLDO FULVHV 0RUHRYHU LW FDQ
DOVR EH XVHG WR GHWHFW DEUXSW FKDQJHV LQ QHWZRUN VWUXFWXUH
DVVRFLDWHG ZLWK VXFK FULVHV
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)LJXUH  7KH OLQHDU UHJUHVVLRQ HUURU IRU WKH ZKROH VHTXHQWLDO ¿QDQFLDO GDWD LQ 1<6(  &ULWLFDO ¿QDQFLDO HYHQWV LH %ODFN 0RQGD\ )ULGD\ WKH WK
PLQLFUDVK (DUO\ V 5HFHVVLRQ  $VLDQ &ULVLV  $WWDFNV 'RZQWXUQ RI   )LQDQFLDO &ULVLV WKH %DQNUXSWF\ RI /HKPDQ %URWKHUV DQG
WKH (XURSHDQ 'HEW &ULVLV DUH DVVRFLDWHG ZLWK VLJQL¿FDQW HUURU SHDNV
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